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Abstract

A generalized auxiliary equation method is proposed to construct more general
exact solutions of nonlinear partial differential equations. With the aid of
symbolic computation, we choose the (2+1)-dimensional asymmetric Nizhnik—
Novikov—Vesselov equations to illustrate the validity and advantages of the
method. As a result, many new and more general exact non-travelling wave
and coefficient function solutions are obtained including soliton-like solutions,
triangular-like solitions, single and combined non-degenerate Jacobi elliptic
doubly-like periodic solutions, and Weierstrass elliptic doubly-like periodic
solutions.

PACS numbers: 02.30.Jr, 04.20.Jb, 05.45.Yv

1. Introduction

It is well known that nonlinear complex physical phenomena are related to nonlinear partial
differential equations (NLPDEs) which are involved in many fields from physics to biology,
chemistry, mechanics, etc. As mathematical models of the phenomena, the investigation of
exact solutions of NLPDEs will help one to understand these phenomena better. With the
development of soliton theory, various methods for obtaining exact solutions of NLPDEs
have been presented, such as the inverse scattering method [1], Hirota’s bilinear method [2],
Bécklund transformation [3], Painlevé expansion [4], tanh function method [5, 6], sine—cosine
method [7], homogenous balance method [8], homotopy perturbation method [9], variational
method [10], asymptotic methods [11], non-perturbative methods [12], Exp-function method
[13], Adomian Pade approximation [14], Jacobi elliptic function expansion method [15],
F-expansion method [16, 17], Weierstrass semi-rational expansion method [18], unified
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rational expansion method [19], algebraic method [20-23], auxiliary equation method [24-27]
and so on. Recently, Sirendaoreji [28] and Huang et al [29], respectively, proposed a new
auxiliary equation method by introducing a new first-order nonlinear ordinary differential
equation with six-degree nonlinear term and its solutions to construct exact travelling wave
solutions of NLPDEs in a unified way.

The present paper is motivated by the desire to generalize the work done in [20-29] to
construct new and more general exact solutions which contain not only the results obtained
by using the methods in [20-29] but also a series of new and more general exact solutions,
in which the restriction on £ as merely a linear function and the restriction on coefficients
being constants are removed. For illustration, we apply this method to the (2+1)-dimensional
asymmetric Nizhnik—Novikov—Vesselov equations and successfully obtain many new and
more general exact solutions.

The rest of this paper is organized as follows: in section 2, we give the description
of the generalized auxiliary equation method; in section 3, we apply this method to the
(2+1)-dimensional asymmetric Nizhnik—Novikov—Vesselov equations; in section 4, some
conclusions are given.

2. A generalized auxiliary equation method

In this section, we outline a generalized auxiliary equation method. For a given NLPDE with
independent variables x = (¢, xy, x2, ..., X,;) and dependent variable u:

F(u’ Upy Uy s Uxys ooy Uy s Uxyrs Uxyr o ooy Uy rs Wpps Uy xps Unpxsy oo oy Uy x5 -+ ) = 09 (1)

we seek its solutions in the more general form:

u=ag+y (™€) +bid'€) +cip E)E) +dipT E)YE), ()

i=1
with ¢ (&) satisfying the new auxiliary equation:

Ao\ 2
¢ (&) = (%) = ho + 1§ (&) + hap® (€) + h3g® (€) + hag* (&) + hs@’(§) + he® ()., (3)
where ay = ao(x),a;, = a;(x),b; = b;j(x), ¢, = ci(x),d; = d;(x)(i = 1,2,...,n) and
& = &(x) are functions to be determined, h; (j = 0,1,2...,6) are real constants. To

determine u explicitly, we take the following four steps.

Step 1. Determine the integer n. Substituting (2) along with (3) into equation (1) and balancing
the highest order partial derivative with the nonlinear terms in equation (1), we then obtain the
value of n. For example, in the case of KdV equation:

U +6ut, +u,,, =0, 4)
we have n = 4.

Step 2. Derive a system of equations. Substituting (2) given the value of n obtained in
step 1 along with (3) into equation (1), collecting coefficients of ¢/ (£)¢" (§) (I = 0,1; j =
0, £1, £2, ...), then setting each coefficient to zero, we can derive a set of over-determined
partial differential equations for ay, a;, b;, ¢;, d; and &.

Step 3. Solve the system of equations. Solving the system of over-determined partial
differential equations obtained in step 2 by use of Mathematica, we can obtain the explicit
expressions for ag, a;, b;, ¢;, d; and &.

Step 4. Obtain exact solutions. By using the results obtained in the above steps, we can derive a
series of fundamental solutions of equation (1) depending on the solution ¢ (§) of equation (3).
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By choosing the different values of #; (j = 0,1,2...,6), equation (3) has many kinds of
special solutions. Some of them are listed in [22] under the condition ks = hg = 0. In order
to find the solutions with /¢ # O of equation (3) conveniently, we set

P (&) = ¢'%(), ®)

then equation (3) becomes

d 2
02(E) = <£> = 4(hop(&) + hig*(E)
+ha9? (&) + h3@ 2 (§) + ha@® (€) + hsp 2 (§) + hep™ (€)). (©6)

With the aid of equations (5) and (6), we can easily find some special solutions with
he # 0 of equation (3), which are listed as follows.
2

Case I. Suppose that hy = h3 = hs =0, hg = % and he = .

(1) If hy < 0 and hy > 0, then equation (3) has the following solutions (here and thereafter
e ==1):

b {_ 810, tanh? (6 /T /3 (€ +&0) }” ’ -
33+ tanh’ e/ =Ra/3E +ENT ]
s — {_ 8105 coth? (6 /T2 /3 (€ +&0) }” ’ )
L 3hal3 + coth’ (e/=Ra /3 (€ +&0))]
@ii) If Ay > 0 and h4 < 0, then equation (3) has the following solutions:
o) = { 8y tan? (e /a3 (€ + £0)) }“2 ©
3hal3 — tan’ (e /235 + €001 )
2 172
5(E) = { 8h, cot”(e4/ha/3(§ +&o)) } ' (10)
3h4l3 — cot*(e/h2/3(£ +£0))]
Case I1. Suppose that hy = hy = h3 = hs = 0 and hg # 0.
(i) If hy > 0, then equation (3) has the following solutions:
5 172
o) {_ : hahy sech® (Vha (& + &) } , (1
hy — hahe[1 + & tanh (/Ao (§ + &0))]?
hyhs csch? (VA V2
o) :{ Iy cseh’ (VI + ) } 1)
hy — hahg[1 + & coth(V/h (§ +&0))]
@ii) If hy > 0 and h¢ > 0, then equation (3) has the following solutions:
2 172
o) = {_ ha sech’ (Vha (§ + &) } (13)
hy + 2&3/hyhe tanh (/R (€ + &)
2 172
5(E) = { hy csch? (Vha (§ + &) } (14)
hy + 2&3/hahe coth(v/h2 (€ + &)
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(iii) If Ay < 0 and hg > 0, then equation (3) has the following solutions:

o6 — {_ hy sec® (v =ha (& + &) }‘/2 0s)
| by 26/ =hohe tan(V =2 (& + &)
b — {_ hy escX (V=T (€ + &) }” ’ (06)
| b+ 2/ =hohscot(V=ha(5 +£0)) )
Case I11. Suppose that hy = h; = hy = hs =0, hg # 0 and hi —4hyhg > 0.
(i) If hy > 0, then equation (3) has the following solution:
1/2
5(E) = 2h; sech(2/hy (€ + &) ' 17
&\/hj — 4hahe — ha sech(2v/ha (€ + &)
@ii) If hy < 0, then equation (3) has the following solutions:
1/2
s 21 see(2y/ T (E +£) } | )
e/ h? — dhahg — hysec(2y/—ha (£ + &)
1/2
s [ 2 cse(2/ T (E +£) } | )
Sw/h% — 4h2h6 — /’l4 CSC(Z«/ —hz(é + So))
(iii) If Ay > 0, hy < 0 and hg < 0, then equation (3) has the following solutions:
1/2
2
b { 2h sech? (e /Fa & + &) } R,
2,/ — dhahg — (/1 — 4hahe + ha) sech? (en/Ra (& +0)
1/2
2
5(&) = 2h; csch® (e4/ha (£ + &) ‘ o
2\/h§ — 4hohe + (\/hi — 4hyhg — ha) csch? (e /Iy (€ + &)
@iv) If hy < 0, hy > 0 and hg < O, then equation (3) has the following solutions:
172
_ 2 —
bE) = 2h; sec”(e/—ha(§ +60)) 7 22)
2/ — dhah — (/1 — dhahe — ha) sec?(ex/~Ta(& + o)
1/2
2 —
b [ 2y 56/ Tia (& + 60)) } e
2,/ — dhahe — (/1 — 4hahe + hs) eseX(en/ (& +&0))
Case IV. Suppose that hg = hy = h3 = hs =0, hg # 0 and hi —4hyhg < 0.
(1) If hp > 0, then equation (3) has the following solution:
1/2
5(E) = 2h; csch(2/hy (€ + &) . 24)
&\/4hahe — hi — ha csch(2v/ha (€ + &)
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Case V. Suppose that hg = hy = h3 = hs =0, hg # 0 and hi — 4hyhg = 0.
(i) If hy > 0, then equation (3) has the following solutions:

h 1/2

d() = {_h_i[l + ¢ tanh(e /72 (€ + So))]} , (25)
hy 172

»() = {_h_4[1 + & coth(e /s (€ + %‘o))]} : (26)

3. Application of the method

In this section, we would like to use our method to obtain new and more general exact solutions
of the (2+1)-dimensional asymmetric Nizhnik—Novikov—Vesselov equations:

Uy — Uxxx — 3(uv)x = 0» (27)
uy — vy =0. (28)

By using a generalized algebraic method, Chen et al obtained some soliton-like solutions and
triangular-like solitions of equations (27) and (28) in [21].

According to step 1, we get n = 4 for u and v. We assume that equations (27) and (28)
have the following formal solutions.

u=ap+aip (&) +arxp (&) +azd T (E) +ap T €) + bid(€) + bagp’ (§) + b3g’ (£)
+bad* (&) + 19/ (§) + 20 (§)9' (€) + 307 ()P (§) + a9 (€)' (€) + d1p™ ' (§)9' (§)

+ a2 (E)P'(E) + d3p T (§)9'(§) + dad™H(E)P (B), (29)
v=Ag+A19 T (E) + Arp () + Asp T (§) + AypTH(E) + B1g(§) + Bagp® () + B3’ (£)

+ By () + C1/ (€) + C2p(§)9' (§) + C3°(6)¢(§) + Cag® (€)' (§) + D1~ (€)' (€)

+Dyp 7 (E)¢'(§) + D3 (§)¢'(§) + Dagp *(6)¢'(£), (30)
where ag = ao(y,t),a; = a;(y,1),b; = bi(y.1),ci =c¢i(y,1),di =d;(y,1), Ao = Ap(y, 1),
A; = Ai(y,1),B; = Bi(y,1),C; = Ci(y,1), D; = Di(y,t) i =1,2,3,4),& = pw+1,
p=px),w=0wly,t),n=n(y1).

With the aid of Mathematica, substituting (29) and (30) along with (3) into equations
(27) and (28), then setting each coefficient of ¢/ (£)¢p" (&) (I =0, 1; j = £1, £2,...) to zero,
we get a set of over-determined partial differential equations for ay, a;, b;, ¢;, d;i, Ao, A;, Bi,
Ci, D;, p, w and 7 as follows:

—30hewp’ (b4Cs + Bacs + 16hgcawr’ p™®) = 0,
24howp' (asDs + Asdy) = 0, dy; =0, Dy, =0,
15wp [ar A3 + Ayaz + a1 Ay + Aray + ho(dy Dy + Dydy + d> D3 + Dod3)
+h(dyDy + Drdy + dzD3) + hy(d3 Dy + D3dy)]
+300° 0" (2hoas + 3hias) — 60hod;w?p'p” = 0,
—Lwp'(hydy +2hods + 3h3ds + 4hads)
+1(pwy +1,)(h1 Dy +2hy Dy +3h3Ds + 4hsDy) — Ay, = 0,
—24hewp' (02C4 + Bacy + byCa + Bscs) — Lhswp' (b4Cy + Bacs)
+ B hsw’p” (42hecs + 107hscs) = 0,
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—24hewp' (byCy + Bycy + b3C3 + By + byCo + Bycy)
— S hswp' (b3C4 + Bycy + byCs + Bacs)
—27hswp’ (b4Cy + Bacy) + 10’ p” (768hgcs +2054hshecs
+1309h2cy + 2688h4hecq) = 0,
—1wp'(10hgcs + 11hscy) — S(pwy +1,)(10h6Cs + 11hsCy) = 0,
4bswp’ — Cuy — ABspwy — 4By, =0, —33hecsCap’ = 0,
6he(cswp’ — Capwy — Cany) =0,
—4(agwp’ — Agpwy — Asny) =0,

there are totally 66 equations in the set of over-determined partial differential equations, just
some simple and central equations are shown here for convenience. Solving the system of
over-determined partial differential equations by use of Mathematica, we obtain the following

results.
Case 1.
(= Kk3hy £ 6kTk3 /hoha — 3ks) 1 () _ kikshi fi(y)
aO - b al - _—7
3k ks 2
ay = —kiksho f1(y), (31
kksh

a=0,  a=0  p=-tERAD ko,

by =0, by =0, (32)
c1 = tkiksy/hy fi (), ¢ =0, ¢ =0, s =0, dy =0,

dy = tkiksy/ho f1 (), (33)

3kksky + it k2k2h
& =0, 4 =0, A, = ks fz()’ A, = _Kiksh
3kyks 2
Ay = —k3k3ho, A3 =0, (34)
k2k2h

Ay =0, B = —%3, By = —kX2hy, B; =0,

By =0, Ci = +k2k3/hy, (35)
C, =0, C3=0, Cy=0, D, =0, D, = £k3k2/ho,

D; =0, Dy =0, (36)
pmhivth, o=k n= [ A& EAO. =0

he = 0, +h3v/ho — hiv/hs =0, (37)

where f1(y) and f>(r) are arbitrary functions of y and ¢ respectively, f;(t) = df2(r)/dt, ki
and k3 are nonzero constants, k, and k4 are arbitrary constants. The sign ‘£’ in C; and D,
means that all possible combinations of ‘+’ and ‘—’ can be taken. If the same sign is used in
C; and D,, then ‘+” must be used in ag and ‘—’ must be used in (37). If different signs are
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used in C; and D», then ‘—’ must be used in ag and ‘+’ must be used in (37). Furthermore, the
same sign must be used in ¢; and C;. Also the same sign must be use in d, and D,. Hereafter,
the sign ‘£’ always stands for this meaning in the similar circumstances.

Case 2.

3ky + kK2R
ap = _( : 3‘116131632)f1 (y)’ a; =0, a, =0, a; =0, as =0,
kiksh
p = ks 3f1()’), (38)
2
by = —kiksha f1(y), by =0, by =0, c1 = tkiksv/ha fi(y),
¢ =0, c; =0, (39)
ey =0, d, =0, d, =0, d; =0, dy =0,
3kikaky + £1(0)
Ag=122 T 4 =0, A =0, 40
0 3kiks 1 ’ @
k2k2h
As=0.  Ay=0.  Bi=—-21 Bi=-kKGh  Bi=0,
By =0, Ci = +k2k3/hy, (41)
G, =0, C; =0, Cy =0, D, =0, D, =0, D3 =0,
D, =0, (42)
p =kix +kz, w = ks, r/:/fl(y)dy+f2(t), hs =0, he = 0,
(43)

where f1(y) and f>(r) are arbitrary functions of y and ¢ respectively, f,(t) = d f2(r)/dt, k
and k3 are nonzero constants, k, and k4 are arbitrary constants.

Case 3.
4k2k2h, + 3k
ao:_( 1R312 4)][‘1()))7 61120, 61220, a3=0,
3kiks
a4 = 0, b] = 0, (44)
by = —=2kik3hs f1(y), by =0, by = —4kik3he f1(y), 1 =0,
¢2 = £akiksv/he f1 (), (45)
C3=0, C4=0, d1=0, d2=0, d3=0, d4=0,
3kiksks + f(t
o= HELERO oy o, (46)
3kiks
Ay =0, A3 =0, Ay =0, B, =0, By = —2k}k3hy,
B; =0, By = —4k}k3he, (47)
C, =0, Cy = +4k3k3/he, C; =0, Cy =0, D, =0,

D, =0, D; =0, Dy =0, (48)
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p=k1x+k2, w = ks, 7}=/f1(y)dy+f2(l), ho = hy,
hy =0, hy =0, hs =0, (49)

where fi(y) and f,(t) are arbitrary functions of y and ¢ respectively, f;(t) = df>(¢)/dt, k
and k3 are nonzero constants, k, and k4 are arbitrary constants.

Case 4.
4k2k2h, + 3k
aoz_( 1572 4)f1(y)7 ap =07 a2=07 a3=07
3kiks
as =0, by =0, (50)
by = —4kikshs f1(), b3 =0, by = —8kikzhe f1(y), ¢ =0,
6‘220, C3=0, (51)
C4=0, d1=0, d2=0, d3=0, d4=0,
3kiksks + f5(1)
— TR A =0, 52
0 3k 1 (52)
Ay =0, A3 =0, Ay =0, B =0, By = —4kik3hy, B; =0,
By = —8kik3hs, (53)
C; =0, C, =0, C; =0, Cy =0, D; =0, D, =0,
D; =0, D, =0, p = kix +ky, (54)
® = ks, n=/f1(y)dy+f2(t), hi = 4hahs, ho =0,
h; =0, hy =0, hs =0, (55)

where fi(y) and f,(¢) are arbitrary functions of y and ¢ respectively, f;(t) = df>(t)/dt, k;
and k3 are nonzero constants, k, and k4 are arbitrary constants.

From (29) and (30), cases 1-2 and cases [-V in [22], we can obtain many kinds of solutions
of equations (27) and (28) depending on the special choice for 4;(i =0, 1,2,...,6).

31 Ifhg =12, h; = 2rp, hy = 2rq+p?, hs = 2pq, hy = ¢*, hs = hs = 0, then ¢ (£) is one of
the24 ¢}(1=1,2,...,24)

For example, if we select [ = 10, from case 1 we obtain soliton-like solutions of equations
(27) and (28):

kik3(—2qr — p* £6lgr|) — 3ki] fi(y) 1
U= Lils T A0 Skikspfi(y) sech(M§)
1R3

x [M sinh(M§&) — p cosh(M&) £iM] — ik1k3 fi(y) sech®>(M&)

2kikspqrfi(y)cosh(M§)
[M sinh(M&) — p cosh(Mé&) +iM]

x [M sinh(M§&) — p cosh(M&) +iM]* —
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B 4k1k3g*r® f1(y) cosh® (M) I 2kiks|q|rM? fi(y)[—1 % isinh(M§)]
[M sinh(ME&) — p cosh(M§&) +=iM1?> ~ [M sinh(ME) — p cosh(M§&) £iM]?

+ %k1k3eM2 f1(y) sech>(M&)[—1 + isinh(M&)],

_ 3kikska + f5(1)

1
— —kik3 p sech(M&)[M sinh(M&) — p cosh(M&) +iM]
3kiks 2

- %k%k% sech?(M&)[M sinh(M&) — p cosh(ME) &+ iM1?
2k2k2 pqr cosh(ME) - 4k?k2g%r? cosh® (M€)
B [M sinh(M&) — pcosh(Mg) £iM]  [M sinh(M§&) — p cosh(M§&) +iM]?

26221 q|r M2[—1 + i sinh(M§)]
[M sinh(M&) — p cosh(M&) & iM]2

1
+ EkfkggMz sech>(M&)[—1 + isinh(ME)],

where &€ = (kix + ky)ks + ffl () dy + fo(t), M = /p* —4qr. If ‘+ is used in ag, then
qr < 0. If ‘=" is used in ay, then gr > 0.

32. Ifhg=1> h; =2rp, hy = hs = hs = 0, h3 = 2pq, hy = ¢° and p* = —2rq, then ¢ (£) is
one of the 12 qbln(l =1,2,...,12)

For example, if we select [ = 12, from case 1 we obtain soliton-like solutions of equations
(27) and (28):

= fklk”;;"“f 1) _ iklkge,/—qu £1(y) sech(N&) csch(N€)

1R3
X[F2y/ —2gr sinh(N&) cosh(N§&) + 8N coshz(NE) —4N]
—11—6k1k3 f1(y) sech’>(N&) csch®(N&)[F2/—2gr sinh(N&) cosh(N§&)
4kiksqres/—2qr fi(y) cosh(N&) sinh(N§&)

F2/—2¢r sinh(N&) cosh(N&) + 8N cosh’>(NE) — 4N
B 16k1ksg®r’fi (y) cosh® (N§) sinh® (N§) 3kikslg|rfi(y)

[F2/—2qr sinh(N&) cosh(N&)+8N cosh>(NE) —4N]2 ~ [/3cosh(2NE)Fsinh(2NE)]?
i3k1k3s fi(y)sech®(N&) csch?(NE)[F2/—2qr sinh(NE) cosh(NE)+8N cosh’(NE) —4N T2

16[v/3cosh(2N&) F sinh(2N&)]?

+8N cosh?(N&) —4NT* —

3kiksks + f(t) 1
V= ——— == —

T Zk%kgsw/ —2gr sech(N&) csch(N&)[F2/—2gr sinh(N&) cosh(N§&)
13

+8N cosh?(Ng) —4N] — 1—16k%k§ sech?(N§€) csch®(N€)[F2,/—2gr sinh(NE) cosh(N§€)
4k3k3qre/—2qr cosh(N§&) sinh(N§&)
T2/—2¢r sinh(N&) cosh(N&) + 8N cosh?(Ng) — 4N
B 16k2k3q>r? cosh?(N£) sinh* (N &) 3k2k3|q|r
[F2/—=2gr sinh(N&) cosh(N&)+8N cosh?>(NE) —4N 12 [v3cosh(2NE) Fsinh(2NE)]?
N 3k2k2e sech*(N&) csch?(N&)[F2+/—2gr sinh(NE) cosh(N&) + 8N cosh*(N&) — 4N >
16[+/3 cosh(2N&) F sinh(2N&)]?

where § = (kix +ko)ks + [ fi(y)dy + fo(t), N = /—6qr /4, qr <O.

+8N cosh?(N&) — 4NT> —

’
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33. Ifhg = h; = hs = hs = 0, hy, hz, hy are arbitrary constants, then ¢ (§) is one of the ten
lm(l =1,2,...,10)

For example, if we select [ = 4, then hy = 4, hy = 4(d — 2b)/a, hy = (c* + 4b* — 4bd) /a?,
from case 1 we obtain soliton-like solutions of equations (27) and (28):
. (4k3K3 +3ks) fi(y)  2kiks(d — 2b) f1(y) esch?(§)
- 3kiks "~ besch?(€) + ccoth(é) +d
kik3(c® +4b — 4bd) f1(y) csch* (&)
© [besch2(§) + ccoth(€) + d?
4kikze/c2 + 4b2 — 4bd f,(y)[c cosh(2€) + d sinh(2€)]
[2b — d + d cosh(2£) + ¢ sinh(2€)]? ’
 Bkiksks+ f3(1)  2k3k3(d —2b)csch?(§)  k}k3(c? +4b? — 4bd) csch’ (£)
T 3kiks  besch?(E) +ccoth(E)+d  [besch?(€) + ¢ coth(E) + d?
42 k2e~/c? + 4b* — 4bd|c cosh(28) + d sinh(2£)]
[2b — d + d cosh(2€) + ¢ sinh(2€) 2 ’
where § = (kix + ko)ks + [ f1(y) dy + f(0).

34.If hy = h;3 = hs = hg = 0, hy, h2, hy are arbitrary constants, then ¢ (&) is one of the 16
qb,w(l: 1,2,...,16)

For example, if we select/ = 13, then hg = 1/4, h, = (1 —2m2)/2, hy = 1/4, from case 1 we
obtain combined non-degenerative Jacobi elliptic doubly-like periodic solutions of equations
(27) and (28):

[ — KRk —2m?) £ 3kik3 — 6ka] /1Y) 1 kaks f1(y)

6k ks  4[ns(€) £cs(E)
1 1
= Jkiks i) ns(€) + s F Shiks fi()les(€) ds(§) & ns(€) ds(©)]
1 Fds(§)
+ §k1k3f1(y)—ns(§) T es@®)

 Bhiksks+ (0 1 K3
- 3k ks 4 [ns(§) £ es(8)]?

1 272 1 272
F 5k1k3 [cs(§)ds(§) £ ns(§)ds(§)] + 5k1k3

where £ = (kix +ko)ks + [ f1(y)dy + fo(2).
In the limit case when m — 1, we obtain combined soliton-like solutions of

equations (27) and (28):

L BRERE-6k) A0 1 kka i)

1
- Zkfkyf[nS(E) +es()P

Fds()
ns(§) £es(€)’

1
— —kiks fi(y)[coth(&) £ csch(£)]?

6k ks 4 [coth(&) £ csch(8)]2 4
L ks f1 () [esch(€) 4 coth(®) cseh(€)] £ —kyks f () —T o> E)
Ty 2T (&) £ esch(E)
Bhiksk+ £ 1 K2k2

_ _ l 27,2 2
3k1ks 2 [coth(®) £ csch@) ] 4 iksleoth(®) £ esch(®)]
Fesch(§)

coth(£¢) % csch(g)’

[ 2 155
F §k1k3 [csch®(§) & coth(€) csch(é)] £ §k1k3

where £ = (kix +ka)ks + [ f1(y) dy + fo(2).
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When m — 0, we obtain triangular-like solutions of equations (27) and (28):

— k2K3 £ 3k3k3 — 6k L Kk |
— Gk e _Z[csc(él)z{lc(oyt)@]2 ~ gk fi)lese(®) & cot®)

1 1
% ks fi(Iot(E) escl§) + s (©)] £ Shiks () Fesed)

csc(€) £ cot(€)”
. 3k1k3k4+f2’(t) _l k%k% _l . )
- 3kiks 4 [esc(§) £ cot(§)]? 7 Kikslesc(€) = cot(€)]

u =

Loo 2 15,  Fesc)
F 2k1k3 [cot(§) csc(§) = csc(§)] = 2k1k3 —csc(é) T ot @)’
where &€ = (kix +k)ks + [ fi(y) dy + fo(1).

35.If hy = hy = hs = hg = 0, hy, hy, hs are arbitrary constants, then ¢ (&) is the only ¢1v

From equation (37) we get hp = 0 or hs = 0, equations (27) and (28) have not solutions
for this case. Fortunately, from case 2 we obtain Weierstrass elliptic doubly-like periodic
solutions of equations (27) and (28):

k. 1 h
—r};ﬂ()’) - 5k1k3h3f1(y)[§3 (%5 82, gs) ,

3k1k3k4+f2/(t) 1 2,2 Vh3
= ——=— — —k7k5h — ,
v ke Skikshsp | — £,22,83

where § = (kix +ko)ks + [ fi(y)dy + fo(t), hs > 0, go = —4hy/ h3, g3 = —4ho/ h3.

From (29) and (30), cases 3—4 and cases -V listed in the present paper, we can obtain
many kinds of solutions of equations (27) and (28) depending on the special choice for ;
(i=0,1,2,...,6).

u =

I

7 then ¢ (&) is one of the (9) and (10)

3.6 1f hy = hs = hs = 0. hg = 2% and hg =
For example, if we select (9), from case 3 we obtain triangular-like solutions (see figures 1
and 2) of equations (27) and (28):
. (4kTk3ha + 3ks) f1() _ 16kikshs fi() tan® (e/ha /3(§ + €0))
3kiks 3[3 — tan*(e/h2/3 (£ +&0))]
_ 64kiksha fi(y) tan* (/2 /3(§ +€0)) __ 8kikshaefi(y) sinQev/ha/3(§ + &0))

93 — tan’ (eI BE +EDI | J3ll+ 2c0s(e/Ta/3(E +EN2 (56)
 Skikske + f3()  16K3K3hs tan’ (e R 36 + £0))
T 3kiks 33— tan?(e/ma/3(5 +£0))]
B 64kik3hy tan (e /h2 /3(€ + &) 8kTk3hae sin(2e/ha /3(€ + &) 57)

9[3 — tan?(e/h2/3(& + &)))]? i V31 +2coseha/3(E +E)N?
where £ = (kix +ko)ks + [ f1(y) dy + fo(2).

3.7. If hg = h; = hs = hs = 0 and hg # 0, then ¢ (&) is one of the (11)—(19) and (24)

For example, if we select (12), from case 3 we obtain soliton-like solutions of equations (27)
and (28):
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Figure 1. Spatial structure of equation (56) is shownatk; =k = k3 =ks =& =¢e=1,hy =1,
f1(y) = tanh(y), f2(t) = sech(t), t = 0, and the sign ‘F’ selected by ‘+’.

(4K2K3h + 3ka) 1(0)  2kikshoh? fi(y) esch® (VA2 (€ + &)
3kiks 12 = hahe(1 + £ coth(V (£ +&)))2
_ dkiksh3h3he f1(y) csch® (VA (€ + so))2 & 2k kshaha/Tafre fi () csch® (VI (E + &)
[h3 — hahe(1 + & coth(Vh2 (€ + &))))?]
[2hzh68 cosh(2v/ha (& + &) + (2hahe — h3) sinh(2/hy (€ + éo))]
[h3 — hahe(1 + & coth(V/hy (€ + éo)))z]
3kiksks + f5(2) 2k2k2hah? esch? (Vha (8 + &)
T Bkiks B2 — hohe(1 + ¢ coth(Vha (€ +£)))?
4k2k2h2h2he csch® (Vha (€ + &) . .
- 5 £ 2k3k3hohav/hahs esch® (Vo (& + &)
[h3 — haohe(1 + & coth(y/h2 (§ + &)))?]
[2hzh68 cosh(2v/ha (& + &) + (2hahe — h3) sinh(24/ho (€ + &)))]
[hi — hohe(1 + € coth(v/Ra (£ + £)))?]?
where § = (kix +ko)ks + [ fi(y) dy + f2(0).

u=—

’

38. If hg =h; =h; =hs =0, hs # 0 and hﬁ —4hyhs = 0, then ¢ (&) is one of the (25)
and (26)
For example, if we select (25), from case 3 we obtain soliton-like solutions of equations (27)
and (28):
4k2k2hy + 3ks) fL(Y)
U= _ (kK gk p ) +2k1kshy f1(0)[1 + £ tanh(e /72 (€ + &))]
1k3
— kikshy f1(y)[1 + & tanh(ev/ 1 (8 + £0))1 F kikshaefi (y) sech? (e /o (€ + ).

3kykske + £
—%Zfz() + 2022 ho[1 + ¢ tanh(ey/Ta (€ + £0))]
1IR3

— kik3ha[1 + & tanh(e /ho (€ + &)1 F kik3hoe sech®(ey/ha (& + £0)).
where £ = (kix +ko)ks + [ f1(y) dy + fo(2).




A generalized auxiliary equation method and its application 239

" .~
", ‘

Figure 2. Spatial structure of equation (56) is shownatk; =k = k3 =ks =& =¢e=1,hy =1,
f1(y) = sin(y), f2(t) = tanh(r), t = 0, and the sign ‘F’ selected by ‘+’.

From (29) and (30), cases 14, we can obtain other exact solutions of equations (27) and
(28), here we omit them for simplicity.

Remark 1. Chen et al obtained only case 2 in [21]. To the best of our knowledge, all the
solutions obtained from cases 1, 3 and 4 are new and have not been reported yet. All the
results reported in this paper have been checked with Mathematica. By using our method, we
can also obtain new and more general exact solutions of the other NLPDEs in [20, 22-29]
including all the solutions given there as special cases of our method. It shows that our method
is more powerful than the methods [20-29] in constructing exact solutions of NLPDE:s.

4. Conclusion

In this paper, we have presented a generalized auxiliary equation method to construct more
general exact solutions of NLPDEs, which can be thought of as the expansion of tanh
function method [6], F-expansion method [16, 17], algebraic method [20-23], auxiliary
equation method [24-29]. With the help of Mathematica, our method provides a powerful
mathematical tool to obtain more general exact solutions of a great many NLPDEs in
mathematical physics, such as the (3+1)-dimensional Kadomtsev—Petviashvili equation,
the (2+1)-dimensional Korteweg—de Vries equations, Broer—Kaup—Kupershmidt equations,
breaking soliton equations, Broer—Kaup equations, dispersive long wave equations and so
on. Applying our method to the (2+1)-dimensional asymmetric Nizhnik—Novikov—Vesselov
equations, we have obtained many new and more general exact solutions with two arbitrary
functions. The arbitrary functions in the obtained solutions imply that these solutions have
rich local structures. It may be important to explain some physical phenomena.

It should be noted that more complicated computation is expected than ever before
because of using the general ansatz (2). In general it is very difficult to solve the set of
over-determined partial differential equations obtained in step 3. As the calculation goes on,
in order to drastically simplify the work or make the work feasible, we often choose special
forms for ay, a;, b;, ¢;, d; and & on a trial and error basis. In appendix A, the KdV equation
(4) is considered. Besides, for some special types of NLPDEs, such as nonlinear Schrodinger
equation, sine-Gordon equation, Tzitzeica—Dodd—Bullough equation and so on, we can take
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some proper transformations to change them into convenient ones for us to use our method.
In appendix B, three examples are given.
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Appendix A

For the KdV equation (4), we assume the solution of it can be expressed by

4
u=ag+y {aidp™'€) +bi¢'€) + o €)' E) +dipT (E) @), (AD)

i=1
where ay = ag(x,1),a; = a;(x,t),b; = bj(x,1),¢c; = c;(x,1),d; =d;(x,1)([i = 1,2, 3,4),
§=E&(x,1).

With the aid of Mathematica, substituting (A.1) along with (3) into equation (4), then
collecting the coefficients of ¢/ (£)¢" (£)(I = 0, 1; j = £1, 42, ...) to zero, we get a set of
over-determined partial differential equations for ay, a;, b;, ¢;, d;, & as follows:
33¢48: (2hecs + hscq) =0,
6hGC4(1Ob4$x + SOhﬁéf + C4,x) =0, —48hgasdséx = 0,

158, [—h1d3 — had; — 6hyasé; — 2(a1as + aras + hodads + hodyds + h1dady + hodsds)
+dho(dager + da e+ as]) ] + 6(axds + azds + asdy) =0,

di;+dicxx +6(apd) +ajc) +axer +azcs + ascy + bidy + byds + bzds),, = 0,

24&, [bf1 + h6c§ + h4c§ + h2ci + 2(hgcic3 + hscicy + hscocs + hacycy + hiczes + hecady)
+2h6Ex (3cabur + 3ca xbr +4ba]) [+ 6(baca) = 0,

—24¢, (a2 + hod}) =0, 36heciEr =0,

there are totally 43 equations in the set of over-determined partial differential equations, just
some simple and central equations are shown here for convenience. However, it is very difficult
for us to get the explicit expressions for ay, a;, b;, ¢;, d; and & from the set of over-determined
partial differential equations. For example, one result is obtained as follows:

_ _4h2§? - ‘i:x‘i:t + 3%_):2x - 4éxgxxx

=0, =0, =0,
ap 653 ap as as

ag = 0, b1 = 0, (A2)
by = —2ha&} + 2/ heky, b3 =0, by = —4het, c1 =0,

¢ = 4/ het2, c; =0, (A.3)
Cy = 05 dl = _ng,n d2 = 07 d3 = 07 d4 = 07 hO = 05

hy =0, hz =0, hs =0, (A.4)
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where £ satisfies

Eon(E +4E00) — EX(Exr + Evnry) +4MaELE, — 382 =0, (A5)

156,.E) (& + 16E,cy) — E26xx (£ + 158 Ery + 208, + T8E 1 Erny + 13687,
+ED (268 + 9EcxEenr + EvErrn + 58 Eruar + 508 cxErrr + 188 0:Errnr)
+ 3213858 — £ + SEnar + Merrvrnny) + ANETE L (E +28E,1)
— 4288 (£ — 200x) — 9083, = 0, (A.6)

VhoE 82 (& + 138000) — vV heE2 (Eviax + 3hatl + Ebay + 462 + 46 Erry)
+ &3 (ha&ikar + v/ oEexs + 4habexbre +VhoErnnnr)
— EH(haka + 8hoy/heEL, + habrrry) — 4ho/h6E 6
+4hohsE0%x — 6y/heEd, = 0, (A7)

— EEL (& + 136800 + EX (Exrban + Erbrnx +4E2 + 460 Er) + 8aELED
—E2(Evxr + Evvnrnn) + A€ Ery + 6L = 0. (A.8)

But it is not easy for us to get the explicit expression for & from equations (A.5)—(A.8).
In order to make the work feasible, we further set

§=p+q, p=px), q=q(), (A9)
then equations (A.5)—(A.8) are equivalent to the following equation:
p(4)p/2 + p//(_4h2p/4 _ p/q/ + 3p//2 _ 4p/p(3)) — 0’ q// —-0. (AlO)

It is obvious that equation (A.10) has one solution by introducing the constants k, o, k;
and k>

p =kx+ky, q = ot + ks, (A.11)

from which ag, by, by, ¢» and d; can be determined exactly.

Appendix B

If the F' given in equation (1) is not a polynomial in real number field, we can use exponential
function to change equation (1) into two polynomials in real number field by separating the
real and imaginary parts. If the F is not a polynomial of « and its partial derivatives, we can
take a proper transformation by introducing a new variable, for example, v to change equation
(1) into a polynomial of v and its partial derivatives. We next give three examples to illustrate
the effectiveness of our method in solving some special types of NLPDEs as mentioned here.

First, let us consider the variable coefficient nonlinear Schrédinger equation [30], which
reads

W, + 2a @Y + BRIV =iy (@Y, (B.1)

where ¥ = 1 (z, t) is a real or complex-valued arbitrary function of z and ¢, «(z), B(z) and
y (z) are all arbitrary functions of indicated variable. Equation (B.1) is the nonlinear Schro
dinger equation with gain in the form used in nonlinear fibre optics. In order to obtain exact
solution of equation (B.1), we make the transformation

V(z, 1) = A(z, 1) explif(z, 1)1, (B.2)
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where A(z, t) and 6(z, t) are amplitude and phase functions, respectively. Substituting (B.2)
into equation (B.1) and separating the real and imaginary parts, we obtain

—A0, + %a(z)(An — A@tz) + B()A3 =0, (B.3)
A+ 3a(2)(2A0, + Aby) — y(2)A = 0. (B.4)

Balancing A,; and A? in equation (B.3), we have n = 2. We assume that equations (B.3)
and (B.4) have the formal solution expressed by

2
A=ag+ Y (@™ €) +bi¢'€) +cid &) ) +dip™ (E)d'(€)),  (B.S)

i=1
where ag = ao(z, 1), a; = ai(z,1),b; = bi(z,1), c; = ¢i(z,1),di = di(z,1)(i = 1,2),§ =
p+q,p=pQ@,q=q(.

Substituting (B.5) along with (3) into equations (B.3) and (B.4), then collecting the
coefficients of ¢/ (£)¢" (£) (I = 0, 1; j = £1, 2, ...) to zero, we get a set of over-determined
partial differential equations for ay, a;, b;, ¢;, d;, p, g and 6 as follows:
c3B(2)(Bhect +hsea) =0,
d3B(2)(3a3 + hod3) = 0, hec3B(z) = 0,
¢, —cy()+ bip' + bla(z)qlet +a(z)cr 0 + %Cla(z)etr =0,
ba.. — bay (2)+b2,10(2)0; + § 020t (2)0; + 3 [P/ +0(2)q'0,1(Bh3cy +4hocy +2hady +hsdy) = 0,
ap.; — agy (z) + ao,10(2)0; + 3a00(2)0y + 3[p' + @ (2)q'0;1(h1c1 — hady +2hocy) = 0,
dy; — dry(2) — a1 p' — a0 (2)q'6; + a(2)da 16, + 32t (2)6, = 0,

di . —diy(2) +dy ()0, + 3dio(2)6, =0,
aB(z)(a3 +3hod3) = 0,

there are totally 48 equations in the set of over-determined partial differential equations, just
some simple and central equations are shown here for convenience. Solving the system of
over-determined partial differential equations by use of Mathematica, we obtain the following
results.

Case 1.1.
h h
ap =0, a; = :i:e — 0 (2) , a, =0, b = :Eg _ 40(2) ’
2V PO 2\ B
by =0, (B.6)
w o (z)
=0, =0, di=%-|——7, dy =0,

: N TE B

hs =0, he =0, (B.7)

h h
p = Sw* —?2 + 3w/h0h4v/a(z) dz, 0 = —Ba)‘/—é + 3/ hohat + ki, (B.8)

) () = BOY@ —2e@F @) th3/ho — hi/ha =0, g=wt+k, (B9
2a(z)B(2)
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where o'(z) = da(z)/dz, B'(z) = dB(z)/dz,8 = %1, w, k; and k; are arbitrary constants.
The sign ‘+’ inay, by and d| means that all possible combinations of ‘+” and ‘—’ can be taken.
If the same sign is used in ay, by, and w > 0, then ‘—’ must be used in p, 6 and (B.9). If the
same sign is used in ay, by, and w < 0, then ‘+” must be used in p, 6 and (B.9). If different
signs are used in a;, by, and @ > 0, then ‘+’ must be used in 0, p and (B.9). If different signs

are used in a1, b1, and w < 0, then ‘—’ must be used in p, 6 and (B.9).
Case 1.2.
h h h
=+t [ o h=0, by = e |-12O
dhy B(2) B(2)
b2 = 0, ) = O, (BlO)
C2=O, , dz—O /’l6=0,

—Sa)‘/hg—g?/a(z)dz, q = ot + ks, (B.11)

y(g) = BRXED —e@F @) — 4hshshy + 87y k2 =0,

20(2) B(2)

0 =—8w,|h 3h§t+k (B.12)
= w, | ny 8h4 1s .

where «'(z) = da(z)/dz, B'(z) = dB(z)/dz, § = £1, w, k; and k, are arbitrary constants.
Case 1.3.

h
a0 =0, ay =0, ar =0, by =0, by =+ | — 62
B’
(4] =0, C =0, (B13)
a(z)
d1=:|:a) —_——, d2=0, ]’l():O, h1=0, h3=0, ]’l5=0,
B(2)

p= 5w2x/jhzfa(z) dz, (B.14)

y(2) = ﬁ(Z)“Z(i)(Z;ﬁozg)ﬁ @ 0 = —Swy/—2hot + k. g=wt+k, (B.I5)

where o’(z) = da(z)/dz, B'(z) = dB(z)/dz, § = %1, w, ky and k;, are arbitrary constants.
Case 14.

hsw hea (2)
= 4+ — -, :0, :0, b =O,
aop 2h6 ,B(Z) ap ar 1
h
by = +00 | 16D ¢ =0, ¢ =0, (B.16)
B(2)
dy =0, hs =0,

0, hy =0,
p = 80> | 4hsy — —/a(z) dz, g =owt+k, (B.17)
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_ B’ (z) —a(z2)p'(2)
20(2)B(2) '

3h2
0 = —Sw |4hy — A1+ ki, (B.18)
2hs

where o’(z) = da(z)/dz, B'(z) = dB(z)/dz, § = £1, w, ky and k;, are arbitrary constants.
From (15), (B.2), (B.5) and case 1.3, we obtain exact solution of equation (B.1):

_ a(z) [ (F1 F e)hav/'he sec* (€ + &) —
ven=e B [ I + 26/ —ahs tan(€ +£0) | hatan(E gO)]

x expli(—8wy/—2hat + k1)1,

where § = §w?/—2h; [ a(z) dz + ot + k.
Second, we consider the Tzitzeica—Dodd—Bullough equation [31]:

Uy =e+e 2, (B.19)

which plays a significant role in many scientific applications such as solid-state physics,
nonlinear optics and quantum field theory. By making the transformation

y(2) h3 — 4hyhghe + 8hohl = 0,

—v

—1
v(x,r) =e™", u(x,t) = arcsinh |:v 7 :| , (B.20)

equation (B.19) becomes
— vy + 0,0 — 00—t = 0. (B.21)

Balancing vv,, and v* in equation (B.21), we have n = 2. We assume equation (B.21)
has solution in the form:

2
v=ap+ Z{aid)_’ (&) +bid' (E) + i’ (E)P () + dip™ (£)9 ()}, (B.22)
i=1
where ag = ao(?), a; = a;(t), b = bi (1), ¢; = ci(t),d; = d;(1)(i = 1,2),§ =&(x,1).
Substituting equation (B.22) along with equation (3) into equation (B.21), then collecting
the coefficients of ¢/ (£)¢"(£)(I = 0,1;j = £1,42,...) to zero, we get a set of over-
determined partial differential equations for ay, a;, b;, ¢;,d; and &. There are totally 46
equations in the set of over-determined partial differential equations, we omit them here for
convenience. Solving the system of over-determined partial differential equations by use of
Mathematica, we obtain the following results.

Case 2.1.
1 1 [hy
= ——=, :O, :O, b ::l:— -, b :O,
ao 5 ai a 1 2\ 7, 2
C =O, 2 =0, (B23)
d—il ! d, =0 hy=0 hy =0 hs =0
1 = 2 h2’ 2 = ’ 0 — ’ 1 = ’ 5 — ’
he =0 E=k L+ (B.24)
=0, =kx — — c, .
¥ hak

where c is an arbitrary constant, k is a nonzero constant. The sign ‘+’ in b, and d; means that
all possible combinations of ‘+” and ‘—’ can be taken.
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Case 2.2.
_ 1l = ! =0 by =0
apg = 7’ a) = 4h3kw’ a =V, 1 =Y,
b, =0, c =0, (B.25)
0 d + : v =k d 0 h :
Cr = U, = —A/—Kw, =0, =
: T ? PVETERS
3
h — , B.26
LT T Ank2a? (B.26)
hy, =0, hy =0, hs =0, he =0, & =kx+owt+c, (B.27)
where c is an arbitrary constant, k and w are nonzero constants.
Case 2.3.
1
ag = —z, ay = 0, ay = 0, bl = 0, b2 = :t\/ —h()ka),
c =0, ¢ =0, (B.28)
d] =:i:v—ka), d2=0, h] =0, ]’l3=0, h5=0,
1 +4hskw)/—hek
ho =+ 2kw) v —hske (B.29)
16hek?w?
1 3he £ 4ha/—hek
By —— ) [y — 220 UV TARD N ), £=kx+ot+e, (B.30)
dkw dhekw

where ¢ is an arbitrary constant, k£ and @ are nonzero constants. The sign ‘+’ in b, and d,
means that all possible combinations of ‘+’ and ‘—’ can be taken. If ‘+’ is used in b,, then ‘+’
must be used in &y and (B.30). If ‘=’ is used in b, then ‘—’ must be used in %y and (B.30).
Hereafter, the sign ‘+’ always stands for this meaning in the similar circumstances.

If we use case 2.3 with hy # O to search for solution of equation (B.19), then from
equations (B.29) and (B.30) and the relation of the values of /¢ and hg in case I, which reads

8h2 h?
hy = —2, he = —-, B.31
= 27n, 5~ 4n, (B.31)
we obtain
9
hy = ———, B.32
2 4k (B.32)

>

and the condition that if ‘+’ is used in equation (B.30) then ks < 0, if ‘=’ is used in
equation (B.30) then /4 > 0.

From equations (B.29) and (B.32), we get i, > 0 which leads to sy < O if we use
case I. Thus, from equations (10), (B.20), (B.22) and (B.32) we obtain exact solution of
equation (B.19):

—v

o]
u(x,t) = arcsinh[ > i| ,
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with

1 cot?(5,/— 2 (& + &)
V= —— —

2 3cot(5 /-2 ¢E+&)
3v3esin(ey/— 5 (6 +60))[3 — cot’ (55 ¢ +60)]

4cot?(5,/— 2 (& + &) [1 — 2cos(e,/— 2 € +&))]
where £ = kx + wt +c.
If we use case 2.3 with iy = 0 to obtain the solution of equation (B.19), then we get
1
hy = T (B.33)
From equations (13), (B.20), (B.22), (B.33) and case 2.3, we obtain exact solution of
equation (B.19):

:F

. vl —w
u(x,t) = arcsinh 5 R

with

! (£1 £ &)v/hg sech® (L /=L (& + &) 1 1/ 1
v:—§+ :thanh 3 —k—($+$0) )
4[h4v/—kw — e/he tanh(3 —ﬁ(&“ +&0))] ¢
where £ = kx + wt + c.
Third, for the sine-Gordon equation [28]:

Uy = Sinu, (B.34)
which arises classically in the study of differential geometry in mathematics and arises in the

study of Josephson junctions, models of particle physics, stability of fluid motions in physics.
We make the following transformation

vix,t) = sin[%u(x, 1], u(x,t) = 2arcsin[v(x, t)], (B.35)
then equation (B.34) becomes
V2V + Uyr — VULV, — U+ 200 — v = 0. (B.36)

Balancing vv,; and v’ in equation (B.36), we have n = 2. We assume equation (B.36)
has solution in the form:

2
v=ap+ Z{aifﬁfi(S) +bi¢'(§) +cip' T (E)¢'(§) + dip T (§)¢'(§)), (B.37)
i=1
where ag = ao(1), a; = a;(t), bi = bi(t), c; = ci(t),di = di()(i = 1,2),§ =§(x,1).
By the same manipulation as illustrated above, we obtain the following results.

Case 3.1.

h
ap = %1, ay =0, a =0, by =42 h—“ by =0, 1 =0,
2
=0, dy =0, (B.38)
d, =0, ho =0, hy =0, hs =0, he =0, h3 — 4hahy =0,
4
=kx — —t+c, B.39
§ =kx i e (B.39)

where £ is a nonzero constant, ¢ is an arbitrary constant.
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Case 3.2.
a0=0, a1=0, a2=0, b1=O, b2=O, 6‘120, C2=O,
(B.40)
d1 = £ —ka), d2 = 0, hl = 0, h3 = O, ]’l5 = 0, I’l6 = 0,
E=kx+owt+c, (B.41)
where c¢ is an arbitrary constant, k and w are nonzero constants which are determined by
1+ 2hokw + h3k*w* — dhohsk*0* = 0. (B.42)
Case 3.3.
4h
a0=:|:1, aq =:|:h—, a2=0, b] =0, b2=0, Cq =0,
1
Cy) = O, dl = O, (B43)
d, =0, hy =0, hy =0, hs =0, he =0, h3 +8hihs =0,
E=k Loho (B.44)
=kx — ——t+c, .
h%k
where ¢ is an arbitrary constant, k is a nonzero constant.
Case 3 4.
5 4/5h
Cl0=:|:£, alzifo, a2=0, b1=O, bz—o, 01—0,
5 S5hy
¢ =0, dy =0, (B.45)
d, =0, hy =0, hy =0, hs =0, he =0, h3 +8h3hs =0,
16hy
=kx — ——1+c, B.46
3 7 (B.46)
where ¢ is an arbitrary constant, k is a nonzero constant.
Case 3.5.
he
a0:0, a1:0, a2:0, bIZO, b2::l: —_—,
hy
c1 =0, ¢ =0, (B.47)
1
dy ==+ e d, =0, hy =0, hy =0, h; =0, hs =0,
2
§=k ! t+ (B.48)
= KX — —— C, .
hok

where c¢ is an arbitrary constant, £ is a nonzero constant.
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Case 3.6.
ap = =*1, a; =0, a, =0, by =0, by = +£2 :—2, c1 =0,
o =0, dy =0, (B.49)
dy =0, ho =0, hy =0, hz =0, hs =0, h2 — 4hyhe = 0,
1
E=kx — EH-C’ (B.50)

where ¢ is an arbitrary constant, k is a nonzero constant.
From equations (14), (B.35), (B.37) and case 3.5, we obtain exact solution of
equation (B.34):
(£1 £ &)hahg csch?(Vha (£ + &)
ha + 2e/hayhe coth(Vha (§ + £))]

— hyx — L
where & = kx il e

u(x, t) = 2arcsin { F coth(yv/h, (€ + go))} ,
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